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HYPERBOLIC THREE-MANIFOLDS
WITH TRIVIAL FINITE TYPE INVARIANTS
HITOSHI MURAKAMI
Abstract. We construct a hyperbolic three-manifold with trivial finite type
invariants up to an arbitrarily given degree.
The concept of finite type invariants for integral homology three-spheres was
introduced by T. Ohtsuki in [11] including the Casson invariant [1] for the first
non-trivial example. It attracts not only mathematicians but also physicists since
it is closely related to E. Witten’s quantum invariants for three-manifolds [15] in
the following way.
It is proved by T.T.Q. Le [7] that the degree d term of the LMO invariant [8]
is of finite type of degree d and conversely any finite type invariant of degree d
comes from the degree d term of the LMO invariant. Since it is also known that
the perturbative PSU(n) invariant can be obtained from the LMO invariant [9, 6],
every coefficient of the perturbative PSU(n) invariant is of finite type of degree
d. (For n = 2 case was also proved in [5].) Therefore we may say that finite type
invariants approximate quantum invariants from lower degree parts. We refer the
reader to [10, 12] for more detail.
It is a natural question to ask how strong finite type invariants are. For any
given integral homology three-sphere M and any positive integer k, Le [7], and
N. Habegger and K. Orr [2] gave infinitely many homology spheres which have
the same finite type invariants as M up to degree k by using the LMO invariant.
E. Kalfagianni [3] also obtained such manifolds using ±1-surgery along knots.
In this paper we give at least one hyperbolic three-manifold with trivial finite
type invariants up to an arbitrarily given degree by simple construction using a
hyperbolic Brunnian link.
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1. Preliminaries
In this section we describe a filtration of integral homology three-spheres (closed,
oriented three-manifolds with the same integral homology groups as the three-
sphere) and define finite type invariants following T. Ohtsuki [11].
LetM be the C-vector space spanned by all the integral homology three-spheres.
A link L in an integral homology three-sphereM is called algebraically split if every
linking number vanishes. A unit-framed link is a link with each framing 1 or −1.
For an algebraically split, unit-framed link L in an integral homology three-sphere
M , we put
[M,L] =
∑
ℓ⊂L
(−1)♯(ℓ)χ(M ; ℓ) ∈M,
where the summation runs over all sublinks of L including the empty link and L
itself, ♯(ℓ) is the number of components in ℓ and χ(M ; ℓ) is the manifold obtained
fromM by surgery along ℓ respecting the framing. Note that since L is algebraically
split and unit-framed, χ(M ; ℓ) is again an integral homology three-sphere.
Let Md be the vector subspace ofM spanned by all [M,L] with ♯(L) = d. Now
we have the following filtration of M:
M =M0 ⊃M1 ⊃M2 ⊃ · · · ⊃ Md ⊃Md+1 ⊃ · · · .
An invariant T of integral homology three-spheres is said to be of finite type of
degree d if T |Md+1 = 0. Here we extend T linearly over M.
2. Main result
In this section we state our main result and give the proof. Main tools are
hyperbolic Brunnian links due to T. Kanenobu and hyperbolic Dehn surgery due
to W. Thurston.
Theorem 1. For any positive integer k, there exists (at least) one hyperbolic three-
manifold M such that for any finite type invariant Td of degree d < k, Td(M) =
Td(S
3). Note that M is not homeomorphic to S3 since it is hyperbolic.
Proof. From the definition of finite type invariants it is sufficient to construct a
hyperbolic three-manifold M satisfying M − S3 ∈Mk for a given k.
By [4], there exists a hyperbolic Brunnian link L with k components, that
is, the exterior of L is hyperbolic and each proper sublink of L is trivial. Let
M1/n1,1/n2,...,1/nk be the closed three-manifold obtained from S
3 by Dehn surgery
along L with surgery coefficient (1/n1, 1/n2, . . . , 1/nk) for positive integers ni. Here
we use the notation described in [13]. By W. Thurston’s hyperbolic Dehn surgery
theorem [14], M1/n1,1/n2,...,1/nk is hyperbolic if ni are sufficiently large for all i. Let
M = M1/n1,1/n2,...,1/nk be a hyperbolic three-manifold obtained in this way.
We show that M − S3 ∈ Mk. Since each component of L is trivial, M is
obtained by Dehn surgery along the link Ln1,n2,...,nk with every coefficient one,
where Ln1,n2,...,nk is the (n1 +n2 + · · ·+nk)-component link obtained by replacing
ith component of L with ni parallels.
Now one can easily see that for d < k each d-component sublink of Ln1,n2,...,nk
is trivial. Let Lk be a k-component sublink of L
n1,n2,...,nk . Then since any proper
sublink in Lk is trivial, we have
Mk ∋ [S
3, Lk] = (−1)
k
(
χ(Lk)− S
3
)
,(1)
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where χ(Lk) is the three-manifold obtained by Dehn surgery along Lk with every
coefficient one. Next let Lk+1 be a (k+1)-component sublink of L
n1,n2,...,nk . Then
Mk+1 ∋ [S
3, Lk+1] = (−1)
k+1χ(Lk+1) + (−1)
k
∑
ℓk⊂Lk+1,♯(ℓk)=k
χ(ℓk) + (−1)
k+1k S3
= (−1)k+1


(
χ(Lk+1)− S
3
)
−
∑
ℓk⊂Lk+1,♯(ℓk)=k
(
χ(ℓk)− S
3
)

 .
But from (1) we see that for any k-component sublink ℓk of Lk+1, χ(ℓk)−S
3 ∈ Mk.
Noting that Mk ⊃ Mk+1, we see that χ(Lk+1) − S
3 ∈ Mk. Continuing this
argument we can show that M (= χ(Ln1,n2,...,nk)) − S3 ∈ Mk, completing the
proof.
Remark 1. During the preparation of this paper, the author was informed that
K. Habiro obtained a stronger result by using his clasper theory.
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